A new mathematical criterion is suggested for symmetry ranking, i.e. determination of an "absolute symmetry scale" for discrete, finite groups. The criterion is based on both, the periods (orders) of each group element and the order of the group itself. This is different from the current criteria which consider only the orders of the groups themselves. The symmetry ranking, based on the new criterion, is applied to the symmetry point groups.
Introduction
The symmetry quantiFication is often used implicitly in physics and chemistry as can be seen from the statements that systems have "higher" or "lower" symmetry. The notions of "higher" and "lower" symmetries are crucial in the descriptions of many practical phenomena, e.g. Jahn-Teller effect. The interest in symmetry quantification has recently been revived in two different fields of science: (i) The study of biological systems [1] has shown that living organisms prefer more symmetric patterns to less symmetric ones, (ii) Kanis et al. [2] have introduced a "continuous symmetry measure" (CSM) in chemistry, which enables one to evaluate the amount of particular symmetry existing in an arbitrary geometrical conFiguration. Furthermore, these authors have shown that CSM and symmetry quantification has practical use in demonstrating that a direct relationship exists between an observable property (hyperpolarizability) and centrosymmetricity content. In the CSM method, the symmetry content of a particular geometric configuration is expressed by a real, positive number S(G). This number (symmetry measure) quantiFies symmetry with respect to a particular reference structure, e.g. how much D6h symmetry is contained in the lower Cj symmetry. The CSM method is very useful, but is limited by the necessary presence of a reference structure and the calculation of spatial coordinates. The work of Kanis et al. [2] suggests that symmetry is Reprint requests to Dr. I. Novak, Fax: 65-779 1691. a continuous, intensive, structural property. The logical sequel of this argument is that it should then be possible to compare different symmetries directly, e.g. one might ask whether a regular cube or an octahedron is more symmetric?
The CSM method does not provide a direct answer to such questions since it is tied to the number of vertices and (implicitly) spatial coordinates of a particular structure. In order to address this question on a more general level one must turn to group theoretical considerations because, as Armstrong [3] has pointed out, "numbers measure size, groups measure symmetry".
The purpose of this work is to discuss the quantiFication of symmetry in a more general sense and it's relevance (or the lack of it) to observable properties. We shall devise an "absolute symmetry scale", without any reference to spatial coordinates, by introducing a new mathematical criterion.
Discussion
Some criteria for symmetry quantification of objects which can be described by Finite, discrete symmetry groups had been suggested previously by Rosen [4] . He postulated that the higher the order of the symmetry group which describes an object, the higher it's symmetry. If the symmetry groups are isomorphic, then the objects could be considered "equally symmetrical". There are, however, many non-isomorphic symmetry groups of the same order, and the question of their symmetry ranking remains unresolved. If symmetry quantification is to be done through consideration of symmetry groups, then one must consider, besides group order, the order of individual elements of the group.
We are proposing, for this purpose, a new parameter, the symmetry quantiFier (sq)
where rij is the number of elements of period pj in class j. The ranking of symmetry groups can then be reduced to the calculation of sq; the group with a larger sq has a higher symmetry rank.
The definition of sq is based on the notion that both the number and order of symmetry elements should be 0932-0784 / 96 / 0700-0882 $ 06.00 © -Verlag der Zeitschrift für Naturforschung, D-72072 Tübingen >D 2h (15)>D 3 (13)>C 4 (ll)>D 2 (7) = C 3 (7) > C 2 (3) considered when deciding overall symmetry ranking for a particular group. The order of the individual symmetry operator (element) gives the number of symmetrically equivalent positions of an object that can be reached after applying symmetry transformation associated with this element. Again, this is in keeping with the accepted notion that e.g. the C6 axis is "twice more symmetrical" than C3. The derivation of periods for elements of symmetry point groups had been reported in [5] .
With the aid of character tables [6] and by using sq one may arrange all important molecular symmetry groups according to their symmetry rank (Table 1) and create and "absolute symmetry scale".
It is worth noting two important points concerning the present listing. Isomorphic groups have the same number of elements of any particular order and consequently the same sq value and symmetry rank. The ranking of symmetries proposed in this work is new and sometimes differs from the conventional one suggested by Rosen [4] , e.g. D2 and C3 are equally symmetrical in our classification, but D2 > C3 in Rosen's. The reason is that the latter classification is based solely on group orders.
The method used for calculating sq will be demonstrated on the Oh point group. The Oh group consists of 10 elements: Oh = E + 8C3 + 6C2 + 6C4 + 3C'2 + i + 6S4 + 8S6 + 3<xh + 6a d .
The periods (p) for all symmetry elements were derived in [5] and can be used directly:
from which it then follows that sq(Oh) = 1x1+8x3 + 6x2 + 6x4 + 3x2 + 1x2 + 6x4 + 8x6 + 3x2 + 6x2 = 159.
How do these symmetry ranking criteria relate to observable properties? Isomorphic molecules are considered to be equally symmetrical, and yet their properties differ widely. A few examples will suffice: molecules of C2 symmetry are chiral while those of the isomorphic symmetries C s and C, are not; molecules of C nv symmetry are polar while the isomorphic D" ones are not. The source of these differences lies in the fact that the quantum mechanical operator which describes a certain physical property 77 must commute with every symmetry operator (element) in the MSG if it's expectation value is to be non-zero. In mathematical language: if [77, XJ = 0 for every i, then </7> # 0. This condition is not fulfilled for some isomorphic groups and, hence the molecular properties differ. The isomorphism is an abstract concept which considers only intra-group relationships between elements and not the types of symmetry elements themselves. The nature at the molecular level does not recognize isomorphism or homomorphism, but it would be interesting to see if the more complex biological system do.
